For elliptic in the half-space and parabolic degenerating on the boundary equation of Keldysh type we construct by similarity method the self-similar solution, which is the approximation to the identity in the class of integrable functions. This solution is the fundamental solution of the Dirichlet problem, i.e. the solution of the Dirichlet problem with the Dirac delta-function in the boundary condition. Solution of the Dirichlet problem with an arbitrary function in the boundary condition can be written as the convolution of the function with the fundamental solution of the Dirichlet problem, if a convolution exists. For a bounded and piecewise continuous boundary function convolution exists and is written in the form of an integral, which gives the classical solution of the Dirichlet problem, and is a generalization of the Poisson integral for the Laplace equation. If the boundary function is a generalized function, the convolution is a generalized solution of the Dirichlet problem.
which is elliptic in the upper half-plane y > 0 and parabolic degenerates on the line y = 0. For the domain, located in the upper half-plane and having a part of the boundary on x-axis , he proved solvability conditions for the Dirichlet problem with continuous data on the boundary . These conditions impose restrictions on m and a(x, 0). The Dirichlet problem is solvable if: m < 1, or m = 1, a(x, 0) < 1 or 1 < m < 2, a(x, 0) ≤ 0.
In the plane Keldysh equation as Tricomi equation belongs to a mixed elliptichyperbolic type. Applications such equations are described in [2] , [3] . This article discusses the multidimensional generalization of Keldysh equation in a half-space y > 0 ∆ x u + y m u yy + αy m−1 u y − λ 2 u = 0, m < 2, α < 1,
where x = (x 1 , . . . , x n ) ∈ R n , u = u(x, y) is a function of variabels (x, y) ∈ R n+1 ,
is the Laplace operator on the variable x. Dirichlet condition is given on the boundary of the half-space
The coefficients of the equation
so Keldysh condition (2) are satisfied.
To build a bounded when y → +∞ solution of the Dirichlet problem (3), (4) it suffices to find a fundamental solution to the Dirichlet problem, i.e. the bounded for y → +∞ solution of the problem with the Dirac delta-function in the boundary condition u(x, 0) = δ(x).
If we denote the fundamental solution of the Dirichlet problem (3), (6) through P (x, y), then by the invariance of the equation (3) with respect to translations along the x, the solution of equation (3) with the boundary condition u(x, 0) = δ(x − ξ) is a function P (x − ξ, y) . By virtue of the principle of superposition, which is valid for linear equations, the solution of equation (3) with the boundary condition (4) is the convolution of the fundamental solution of the Dirichlet problem with boundary function
if the convolution exists. In order to find a fundamental solution of the Dirichlet problem, we apply the similarity method [4] - [8] , using the symmetry of the equation, that is, the invariance of the equation with respect to certain groups of transformations, what is possible due to the specially chosen coefficients (5) .
This work is a continuation of our work [9] , where the case α = 0, λ = 0 is considered.
The fundamental solutions of the Dirichlet problem for the cases n = 1, α = 0, m < 2 and n = 1, α = m < 1 are found by means of Fourier transform in [10] .
In [11] [12] [13] fundamental solutions of the Tricomi operator , and in [14] fundamental solution of the Keldysh type operator (that is, solutions of inhomogeneous equations with δ-function in the right-hand side) are found by the similarity method.
1 Statement of the problem. Approximation to the identity.
In the equation (3) and in the boundary condition (6) we make the change of variables
We get (again replacing ξ on x and η on y) the equation
and the boundary condition
We seek a solution P (x, y) of the equation (7), which is a delta-shaped family of functions of x ∈ R n with the parameter y → +0 or an approximation to the identity. It is enough to demand the fulfilling the next properties for any y > 0
If these properties are satisfied, then for any bounded piecewise continuous function f (x) there exists a convolution
for y values sufficiently close to zero, because |t|≥δ P (t, y)dx < ε 2M
, by condition 3) and |f (x − t) − f (x)| < ε for sufficiently small δ by the continuity.
In particular, for an infinitely differentiable finite functions ϕ(x) from the space
that is, P (x, y) converges to the δ-function at y → +0 in a space of generalized functions D ′ (R n ) . By virtue of the continuity of convolution, for the generalized function f (x) ∈ D ′ (R n ), for which a convolution with P (x, y) exists, the equality holds lim
Condition 3) can be replaced by condition
Condition 3) follows from condition 3 * ). Indeed,
The first integral is small with a small y (condition 3 * ), and the second integral is small for sufficiently large ∆ as the remainder of a convergent integral (condition 2).
Condition 2) can be replaced by condition
Indeed, denote
.
Then P * (x, y) satisfies the conditions 1) -3) and therefore is an approximation to the identity, and lim
2 The case λ = 0
Consider the Dirichlet problem
Equation (9) is invariant under dilations x = tx,ȳ = ty,ū = t k u, t > 0, k is any number.
Therefore, we consider the solutions of equation (9), which are invariant under this group of transformations, that is the solutions which are homogeneous functions u(tx, ty) = t −k u(x, y). Passing to the limit as y → +0, we get u(tx, 0) = t −k u(x, 0), but because of the boundary conditions (10) u(x, 0) = δ(x) and, therefore, we have the equality δ(tx) = t −k δ(x). It follows that k = n, since δ(x) in R n is a homogeneous function of degree -n [15] , [16] δ(tx) = t −n δ(x).
We will seek a self-similar solution of equation (9) as a homogeneous function of degree −n u = 1 y n ϕ |x| y , |x| = r.
Equation (9) can be written as
Substituting
we obtain the ordinary differential equation for the function ϕ(ξ)
We make the change of variables
and denoting the function ϕ( √ η − 1) throughφ(η), we obtain the equation
It is a hypergeometric equation
Its general solution has the form
where F is hypergeometric function. Because b − c + 1 = 0, then
We take a particular solution
Returning to the old variables, we obtain
We choose a such constant C n , that the integral of the function ϕ(|x|), |x| = r on the whole space R n will be equal to the unity. We get, denoting σ n−1 area of the unit sphere in R n ,
The solution of the equation (9) is a function
This function satisfies the conditions 1)-3) and hence is a fundamental solution of the Dirichlet problem for the equation (9). Solution of the Dirichlet problem for the equation (9) with an arbitrary function at the boundary condition u(x, 0) = ψ(x) will be the convolution (if the convolution exists)
If ψ(x) is a generalized function and convolution (12) exists, it gives a generalized solution of the Dirichlet problem:
If ψ(x) is a piecewise continuous bounded function, then the convolution (12) exists and is recorded in the form of integral
, which gives the classical solution of the Dirichlet problem, that is, at each point of continuity of the function ψ(x), lim y→+0 u(x, y) = ψ(x). Replacing in (11) y on 2y (2−m)/2 /(2 − m) and β on (2α − m)/(2 − m), we obtain the fundamental solution of the Dirichlet problem
for equation (3), λ = 0 :
3 The case λ = 0
We will seek a fundamental solution of the Dirichlet problem to the equation
in the same form, that a found fundamental solution of the Dirichlet problem (11) for the equation (9) :
Substituting the function u = y 1−β f (y 2 + r 2 ) into the equation
and denoting ξ = y 2 + r 2 , we obtain the ordinary differential equation for the function f (ξ) 4ξf
This equation reduces to the Bessel equation and has a solution, tending to zero at infinity [17] 
where K ν is a MacDonald function. Returning to the old variables, we get
We choose a such constant C n , that the integral of the function u(x, y) on the whole space R n tends to the unity when y → +0. Turning to spherical coordinates, we get [18] R n u(x, y) dx = C n σ n−1 y
Considering the asymptotic behavior of the Macdonald function
Fundamental solution of the Dirichlet problem for the equation (12) is a function
because it satisfies the conditions 1),2*), 3), which determines the approximation to the identity. Passing here to the limit when λ tends to zero and taking into account the asymptotics of the MacDonald function, we obtain the fundamental solution (11) of the Dirichlet problem for the equation (9)
Replacing in P λ (x, y) y on 2y (2−m)/2 /(2 −m) and β on (2α −m)/(2 −m), we obtain the fundamental solution of the Dirichlet problem for the equation (3).
Example. Consider the Dirichlet problem
This function has a nonintegrable singularity in zero, so it generates a singular generalized function, operating on the basic functions ϕ(x) ∈ D according to the rule [16] 
The Laplace equation is obtained from equation (3) when n = 1, m = 0, α = 0, λ = 0 and the fundamental solution of the Dirichlet problem for him is the Poisson kernel P (x, y) = y π(x 2 + y 2 ) .
Solution to the Dirichlet problem is a convolution
To calculate this convolution, we first consider the Dirichlet problem with boundary condition u(x, 0) = −2x
. This function is locally integrable and generates a regular generalized function, generalized derivative of which is equal to x 
Conclusion
For a multidimensional elliptic equation in half-space with parabolic degeneracy at the boundary, which is a generalization of the Keldysh equation we found the fundamental solution of the Dirichlet problem by the similarity method. The solution of the Dirichlet problem with an arbitrary boundary function is written as a convolution of this function with the fundamental solution of the Dirichlet problem.
